A PRODUCT INVOLVING THE /3-FAMILY IN STABLE 
HOMOTOPY THEORY 
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Abstract. In the stable homotopy groups ^q(pn^. p m^-n_g(S) of the sphere 
spectrum S localized at the prime p greater than three, J. Lin constructed an 
essential family £m,n for n > m + 2 > 5. In this paper, the authors show that 
the composite £m,«/3s G ftq(T> n +p m +ap+a)—s(S^) for 2 < s < p is non-trivial, 
where c = 2(p— 1) and ji s E i" q (sp+s— i)-2('S l ) is the known /3-family. We show 
our result by explicit combinatorial analysis of the (modified) May spectral 
sequence. 



1. Introduction and statement of results 

Let A be the mod p Steenrod algebra and S the sphere spectrum localized at an 
odd prime p. To determine the stable homotopy groups of spheres (S) is one of 
the central problems in homotopy theory. 

So far, several methods have been found to determine the stable homotopy 
groups of spheres. For example we have the classical Adams spectral sequence 
(ASS) (cf. [T]) based on the Eilenberg-MacLane spectrum K1 p , whose E^-term 
is Ext^'(Z p ,Zp) and the Adams differential is given by d r : Ep* 1 — > E* +r,t+r ~ 1 . 
We also have the Adams-Novikov spectral sequence based on the Brown-Peterson 
spectrum BP(d. [2l [3 [4] ) . 

Throughout this paper, we fix the prime p > 5 and set q = 2{p — 1). From [5], 
we know that Ext^ 1 (Z p ,Z p ) has Z p -basis consisting of ao € Ext^ 1 (Z p , Z p ), hi £ 

Ext^ p 9 (Zp,Z p ) for all z > and Ext^*(Z p ,Z p ) has Z p -basis consisting of a2, Oq, 
aohi (i > 0), gi (i > 0), h {i > 0), bi (i > 0), and hihj (j > i + 2, i > 0) whose 
internal degrees are 2q+l, 2, p l q+l, q(p l+1 + 2p l ), q{2p l+1 +p l ), p l+1 q and ^(p'+p 3 ) 
respectively. 

Let M denote the Moore spectrum modulo the prime p given by the cofibration 

(1.1) S ^ S A M -4 ES 1 . 

Let a : YflM — > M be the Adams map and V{1) be its cofibre given by the 
cofibration 

(1.2) Y, q M -3. M V(l) X S 9+1 A/. 
Let /3 : E(p +1 )«V(1) -> V(l) be the w 2 -map. 
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Definition 1.1 We define, fort > 1, the j3-{amily fit = jj'f&i'i € 7r q (tp+t-i)-2(S)- 
Here the maps i, j , i' , j' , and fi are given as above. 
We have the following known result. 

Theorem 1.10 Theorem 2.12] [3 t ^ e 7r*(5) forp>5 and t > 1. 

To determine the stable homotopy groups of spheres is very difficult. Thus not 
so many families of homotopy elements in the stable homotopy groups of spheres 
have been detected. See, for example, [HHHE]- 

In [7] , X. Liu obtained the following theorem, which is called the representative 
theorem. 

Theorem 1.2 7, Theorem 1.3] For p > 5 and 2 < s < p, there exists the second 
Greek letter element 

which converges to the (3- family f3 s G ftq(sp+s-i)-2(S) in the ASS. Moreover, f3 s is 
represented by 

in the May spectral sequence (MSS). 

In [S], J. Lin detected a new family of stable homotopy groups of spheres and 
showed the following theorem. 

Theorem 1.30 For p > 5, n > m + 2 > 4. Then 

h h n h m e Ext^ (p " +pm+1) (z p ,z p ) 

is a permanent cycle in the ASS and it converges to a family of homotopy el- 
ements of order p, denoted by £ m , n , in the stable homotopy groups of spheres 
7r g ( pn+pm+1 )_ 3 (5). 

In this paper, we consider the non-triviality of the composite (, m ,nf3s and obtain 
the following theorem. 

Theorem 1.4 Let p>5,n>m + 2>5,2<s<p. Then the product 

h h n h m p s £ G Ext^ +3 ' t(s)+s - 2 (Z p ,Z p ) 

is a permanent cycle in the ASS and converges to a nontrivial family of homotopy 
elements £ m ,n/3 s 6 n t ^ +s _ 5 (S), where t(s) = q(p n + p m + sp + s). 

In this paper we make use of the ASS and the MSS to prove our theorem, espe- 
cially the MSS. The method of the proof is very elementary. By this method, one 
can consider some similar problems, for example, the non-triviality of the composite 
£,m,njsi where 7 S is the known 7-family (cf. [S]). 

The paper is arranged as follows: after giving some important lemmas on the 
MSS in Section 2, we will prove Theorem 1.4 in Section 3. 

2. The ASS and some lemmas on the MSS 

One of the main tools to determine the stable homotopy groups of spheres n*(S) 
is the ASS. In 1957, Adams constructed such a machinery in the form of a spectral 
sequence that making the doubly graded group Ext^'*(Z p , Z p ) to the p-primary 
components of the stable homotopy groups of spheres by adapting the methods of 
homological algebra. From then on, the ASS has been a powerful tool in studying 
stable homotopy theory. 
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Let X a spectrum of finite type and Y a finite dimensional spectrum. Then there 
is a natural spectral sequence {-E*'*,G? r } which is called Adams spectral sequence 
and 

(2.1) E s / = Ext s /{H*(X;Z p ),H*(Y;Z p )) ([Y,X] t _ s ) p , 
where the differential is 

(2.2) d r : E** -> E s r +r ' t+r - 1 . 
If X and Y are sphere spectra S, then in the ASS 
(2.3) 

the p-primary components of the group nt— a {S). 

There are three problems in using the ASS: the calculation of the ^-term, the 
computation of the differentials and the determination of the nontrivial extensions 
from Eao to tt*{S). So, in order to compute the stable homotopy groups of spheres 
with the ASS, we must compute the i?2-term of the ASS, Ext^ (Z p , Z p ). The most 
successful tool for computing Ext^'*(Z p , Z p ) is the MSS. 

From [3], there is a MSS «f r } which converges to Ext^*(Z p ,Z p ) with 

£?i-term 



E^ = Ext^*(Z p ,Z p ) (ivt- s (S))p, 



(2.4) 



E* 



E(h m .i\m > 0, i > 0) <g> P{b m ^\m >0,i>0)® P{a n \n > 0), 



where E is the exterior algebra, P is the polynomial algebra, and 



p l,2(p m -l)p\2m-l 



2,2(p" 



-l)p' +1 ,p(2m-l) p l 1 2p B -l,2n+l 



s+l,i ,u— r 



The r-th May differential is 

(2.5) d r : E s /- U -> £ 

and if a; G and y E E^' 1 ''*, then d r (x • y) = d r (x) ■ y + {~l) s x ■ d r {y). From 

[lOl Proposition 2.5], there exists a graded commutativity in the May £i-term as 
follows: 



(2.6) 







hm,khn,j 





















The first May differential d\ is given by 



di(h>i,j) — X) h>i-k,k+jhk,j, 

0<k<i 

di(cH) = J2 h-k,kak, 

0<k<i 

d 1 (b iJ )=Q. 

For each element x € El''' 1 * , we define filt x = s, deg x = t, M (x) = fi. Then 
we have 



(2.7) 



(2.8) 



filt hij — filt a% = 1, filt bi t j = 2, 
deg h' itj = 2(p l - l)p> = qfc+i- 1 + 
deg b itj = 2{p l - iy+ x = g(p<+i + 
deg a, = 2p l - 1 = qip^ 1 + • • ■ + 1) 
deg a = 1, 

M (hij) = M (oi_i) = 2* - 1, 
M = (2t - l)p, 



V), 



where i > 1, j > 0. 
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In Section 3, wc will need the following lemmas on the MSS. 
By the knowledge on p-adic expression in number theory, we have that for each 
integer t > 0, it can be always expressed uniquely as 

t = q{c nP n + Cn-itf 1 ' 1 + V Cip + C ) + C-i, 

where < c; < p (0 < i < n), < c n < p, < c_i < q. 

Lemma 2.l[9l Proposition 1.1] Let t as above. Let s\ be a positive integer with 
< s\ < p. Lf there exists some < j < n such that Cj > si, then in the MSS 

E *ut,* =Q 

□ 

Lemma 2.2 Let t as above. Let si be a positive integer with < s± < q. If 
c_i > si, then in the MSS, 

El 1 ' t '*=0. 

Proof The proof is similar to that of [HI Proposition 1.1] and is omitted here. □ 

Let t as above and s a given positive integer. Suppose that in the MSS a 
generator lo £E '* is of the form w — x\Xi ■ ■ -x m , where Xi is one of ak, hi j 
or b u ^ z , 1 < i < m, < k < n + 1, < u + z < n, 0<l+j<n + l, I > 0, 
j > 0, u > 0, z > 0. By (2.8), we can assume that for any 1 < i < to deg Xi — 

q{c l , n p n + c^n-ip" -1 H h c^ip + c ij0 ) + Cj.-i, where c it j — or 1 for < j < n, 

c^-i = 1 if Xi = a^, or c^-i = 0. It follows that 

m m m mm 

deg uj = ^2 de § x i = C »,»)P™ H 1" (Yl Ci^p 1 + Y c i,o\ + X! Ci 

2—1 i — 1 2—1 2—1 2—1 

m 

For convenience, we denote ^ Cjj by 5j for j > —1. 

2=1 

Lemma 2.3 With notation as above. If there exist three integers — 1 < i\ < 
«2 < «3 < n such that + c l3 — to > c l2 , then w is impossible to exist. 

Proof By (|2.8[) and (|2.4[) . one easily gets the lemma. □ 

Lemma 2.4 With notation as above. Suppose that m — s, and there exist three 
integers i%, ii and i% satisfying the following conditions that 

(i) -1 < h < i2 < h < n; 

(ii) c h +Cj 3 - m < c i2 ; 
-l<i<ii 



(iii) Cj ■■— , ,, 

[ i 3 < j < n. 

Then we have the following consequences: 

(1) When ii > —1, there are (c 4l + c l3 — to) /i^ -ct +i,ci 's among u>. Further- 
more, ifci t + Ci 3 — to > 1, f/ien w = 0. 

(2) When i\ = —1, mere are (c^ + Ci 3 — to) ai 3 +i 's among u>. 

Proof By (|2.8[) and (|2.4[) , the desired results easily follow. □ 

3. Proof of Theorem 1.4 

In this section, we will determine two Ext groups which will be used in the proof 
of Theorem 1.4. In order to do it, we first consider some May 2?i-terms E™' v '* with 
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two given integers u and v, and show the following lemma. 

Lemma 3.1 Let p>5,n>m + 2>5,2<s<p and 1 < r < s + 3. Then 
in the MSS, we have 



(3 1) B «+3-r,t(«)+s-r-i,* _ f Z p {gx, ■ ■ ■ ,g 7 } r = 1 and s = p - 1, 

' ' 1 10 other. 



Here, t(s) = q(p n +p m +sp+s), and gi, ■ ■ • , g7 egita/ elements a v n 3 h3,ohx ! mh n -2,2h n fl ! 

m — 1,2 hn—m,mhn 

a n _3 ft3,oftm+l,oftri-m,mftn-2,2, 4 ftm+l,oftn-m,mftri-2,2ftn,0 and a V ^ Z hzfih m S)h, m -ia 

respectively. 

Proof We divide the proof into the following two cases. 

Case 1 s — r — 1 < 0. By the knowledge on p-adic expression in number theory 
and 1 < r < s + 3, we would have s + 3 — r < s — r — 1 + g < g. In this case 

r,i(s)+s— 1 — 1,* _ q 



by Lemma 2.2. 

Case 2s — r — 1 > 0. Thus 1 < r < s — 1. If r > 4, then s + 3 - r < s, which 
implies that in this case £^ +3 r >H s )+ s r 1 '* = o by Lemma 2.1. Consequently, in 
the rest of the proof, we always assume r < 3. 

Consider u> = xia^ • • ■ %m' S i^ +3 r '*w+ s ' *>* j n th e MSS, where Xj is one of 
a k, hi t j, b UtZ , 1 < i < to', < fc < n + 1, < / + j < n + 1, < u + z < n, I > 0, 
3 > 0, u > 0, z > 0. By (|2.8p . we can assume that deg Xi = q(ci yn p n + Ci,n-\P n ~ l + 
■ ■ ■ + c,.iP + Ci.o) + Cj,-ij where Cjj = or 1 for < j < n, c,,_i = 1 if ajj = a^ , or 
c, _i = 0. It follows that 
(3.2) 

m' 

flit UJ = flit #j = S + 3 — 7*, 

2=1 

m' m' m' m' 
deg W = de g ^ = <?[(E d,n)p n + (E c i,n-l)p n ~ l H I" (E Ci,m)p m 

2—1 i— 1 4 — 1 2—1 

m m' m m 

+ (E ci, m -i)p m - x + • • ■ + (E ci,i)p + (E *,<>)] + (E ci,-i) 

i= 1 i= 1 2—1 i— 1 

= 4(s) + s -r - 1. 



Note that filt a;, = 1 or 2 and 2 < s < p. From ^ filt Xj = s + 3 — r, it follows that 

i=l 



to'<s + 2<p + 2. 



Using < s, s — r — I < p and the knowledge on the p-adic expression in number 
theory, we have the following equations from 
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m' 

E 

/=] 


c,,_i = s - r - 1 + A_ig, 


A-i >0, 


m ' 

E 

i = ] 


Q,o + A_i = s + A p, 


A > 0, 


m ' 

E 


Cj.i + A = s + Xxp, 


Ai > 0, 


E 

i=] 


Ci,2 + Ai = + A 2 p, 


A 2 > 0, 


m 

E 

i=l 


Ci,3 + A 2 = + A 3 p, 


A 3 > 0, 


m 

E 


Cj.m-l + A m -2 = + A m _ip, 


A m -i > 0, 


m' 

E 


Cj,m + A TO _x = 1 + A m p, 


A m > 0, 


m ' 

E 

/ = ] 


Ci,m+1 + A m = + A TO+ ip, 


A m +i > 0, 


m ' 

E 

/ = ] 


Ci, n -2 + A„_ 3 = + X„-2P, 


A„_ 2 > 0, 


rn 1 

E 


Ci,n-l + K-2 = + Xn-lP, 


A„-i > 0, 


rn 1 

E 


^i,n ~l~ A n — 1 1. 





By the knowledge on the p-adic expression and m' < p + 2, we have A_i = Ao = 
\\ = 0. For convenience, in the rest of the proof we will use Cj to denote c, ( j 

i=l 

for — 1 < j ' < n. From the fourth equation of (|3.3p c 2 = A 2 p, A 2 may equal or 1. 
Subcase 2.1 A 2 = 0. 

Assertion 3.1 If A 2 = 0, then A3 = • • • = A TO _i = 0. 

Suppose A3 = 1. Then from the fifth equation of (|3.3|) we would have C3 = p, 
which implies that m' can only equal p or p+ 1. Note that 2 < s < p. From c 3 = p, 
c 2 = and c\ — s, one would have C3 +c\ — m! = p+ s — ml > 1 > = c 2 . Thus by 
Lemma 2.3, w is impossible to exist. Thus, A3 = 0. Similarly, one can show that 
A4 = • ■ ■ = A m _i = 0. Assertion 3.1 is proved. 

From the (to + 2)-th equation of (3.3) c m = 1 + X m p, X m may equal or 1. 

Subcase 2.1.1 X m = 0. An argument similar to that used in Assertion 3.1 
shows that A m +i = • ■ ■ — A n -i = 0. Thus we have 



C71 






Cm+1 


Cm 


Cm — 1 




C3 


c 2 


Cl 


CO 


C-l 


1 










1 













s 


s 


s — r — 1 



If u has /ii,n^i,m as factors, one can let cj = /ii,n^i,m.wi by (|2.6|) . Then filt = 
s + 1 — r and deg wi = s|>3 + sq + (s — r — 1). When r > 1, wi is impossible 
to exist by Lemma 2.1. So u> is impossible to exist either. When r = 1, u)\ has 
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(s — 2) <22's among u if u exists by Lemma 2.4. Then up to sign u>x = a 2 2 UJ2 with 
ui2 € e^ 2 p<i+ 2 <i,* _ q ; which means cj = 0. 

Similarly, u; cannot have /ii )Tl &i,m— 1 ; ^i,n~i^i,m, &i,n— i&i,m— l as factors either. 

Subcase 2.1.2 A m = 1. In this case A m +i = • ■ ■ = A n _i = 1. An argument 
similar to that used in Assertion 3.1 can show that in this case uj is impossible to 
exist. 

Subcase 2.2 A2 = 1. In this case, (A3, ■ • • , A TO _i) must equal (1, • ■ • , 1). From 
the (to + 2)-th equation of (|3.3|) c m = A m p, X m may equal or 1. 

Subcase 2.2.1 A m = 1. In this case, (A m +i, ■ • • , X n -i) must equal (1, • • • , 1). 
Thus we have 





C„-l 




Cm+1 


Cm 


Cm — 1 




C3 


C2 


Cl 


co 


C-l 





p-l 




p-l 


p 


p-i 




p-i 


P 


s 


s 


s — r — 1 



If r = 2 or 3, then by p > 5, 2 < s < p and ml < s + 3 — r one can have 



c-i + c m - to' = p + p - m! > p + p - (s + 1) > p > p - 1 = c 3 , 

which implies that u> is impossible to exist by Lemma 2.3. 

If r — 1, then one has hit u> = s + 2. From c m = p, one has to' > p by Ci tTn = or 
1. Thus to' may equal p or p+1. If to' = p, then C2+c m — to' = p > p— 1 = S3, which 
implies that to is impossible to exist by Lemma 2.3. Thus, in the rest of Subcase 
2.2.1 we always assume that r — 1 and to' = p + 1. Thus we have s = p — 1, 
hit uj = p + 1 and ui = x\ ■ ■ ■ x p +i £ E(hij\i > 0, j > 0) Cg) P(a rl |n > 0). The table 
above becomes 



C71 


Cn-1 




Cm+1 


Cm 


Cm — 1 




C3 


C2 


Cl 


CO 


C-l 





p-l 




p-l 


p 


p-i 




p-i 


P 


p-l 


p-l 


p-3 



Assertion 3.2 u; has p — 1 factors whose degrees are ^(higher terms on p + 
p m + ■ • • + p 2 + lower terms on p) + e, where e = or 1, and two factors whose degree 
are q( higher terms on p + p m ) and q(p 2 + lower terms on p) + e, respectively. 

This assertion can be easily verified by (|2.8[) and (|3.2p . 

Assertion 3.3 w cannot have /i2,i or /ij )TO (2 < j < n — to) as a factor. 

Otherwise, we can let u> = Wi/12,1 by (12. 6p . Then filt uj\ — p, deg LO\ — q[(p — 

1) ?"- 1 + • • ■ + (p - l)p m+1 +pp m + (p - IK 1 " 1 + • ■ • + (p - l)p 3 + (p - l)p 2 + (p - 

2) p + (p — 1)] + p — 3. In this case u>\ is impossible to exist by Lemma 2.3. Thus 
uj cannot have /i2,i as a factor. Similarly ui cannot have hj. m (2 < j < n — to) as a 
factor. 

From Assertions 3.2 and 3.3, there must be one of hi^hi t m, /i3,o/ii,m, 03/11,™, 
hi,2h n -m,m, h 3 flh n -m,m or a 3 h n - m ,m among uj if u exists. By (|2.6|) . we let w = 
W1W2, where o>2 is one of the six factors above. Then filt lo\ = p — 1. 

(i) If u 2 = h h2 hi, m , then deg u x = q[(p - ^p"" 1 + • • • + (p - l)p m + ••• + (>- 
l)p + (p — 1)] + p — 3. So there must be two h n fl's in cl> by Lemma 2.4 (1), which 
implies that uj\ = 0. Then uj = 0. 

Similarly, one can show that uj — if oj 2 = a 3 hi iTn . 

(ii) If uj 2 = h 3 , h hm , then deg uj x = g[(p- ^p"" 1 + • • ■ + (p- l)p m + • ••+ (p- 
l)p 2 + (p — 2)p+ (p — 2)] + p — 3. By Lemma 2.4, wi must equal af~ 3 h n fih n - 2 ,2 up 
to sign . Thus up to sign uj = a^ _3 /i3 j oft-i, m /in-2.2^n,Oj denoted by gi. 

(Hi) If UJ2 = h 1>2 h n - m<m , then deg wi = q[(p - 2)p™~ 1 + • • ■ + (p - 2)p m+1 + 

(p - l)p rn + (p - l)p m_1 H h (p - l)p 2 + (p - l)p + (p - 1)] + p - 3, so uji has 

at least p — 4 a„'s by Lemma 2.4. We let uii = uj^af^ 4 by (|2.6|) . Thus filt o>3 = 3, 
degw 3 = g(2p"- 1 + - • •+2p m+1 +3p m +3p m - 1 + - ■ -+3p 3 +3p 2 +3p+3) + l. Then uj 3 e 
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i?3,deg " 3 '* = Z p {a n h nfi h m+1 . }. Thus up to sign cu = a v n 3 h lt2 h m+lt0 h n ^ m . m h ny0 , 
denoted by g 2 - 

(iv) If lo 2 = hzflh an argument similar to that used in (iii) shows uj\ = 

a^~ 4 a->3 with C1/3 G E 3 ' 1 '* — 2i p {a m +ih n -2,2h n ,o, a n^m-i,2^n,o, »n^m+i,o^n-2,2}, 
where t = q{2p n - 1 + ■■■ + 2p m+1 + Zp m + ■ ■ ■ + 3p 2 + 2p + 2) + 1 . Thus up to sign lu = 

denoted by g3, g4, gs respectively. 

(v) If lu 2 — a^hn^m^m, by an argument similar to that used in (iii) we have lu\ = 

aP~ 5 u! 3 with lu 3 G E A,t '* = Z p {a n h m+1 , h nfi h n ^ 2y2 }, where t' = g(3p n_1 H h 

3p m+1 +4p m H h4p 2 +3p+3) + l. Thus up to sign to = a 3 aP~ 4 /i m+ i !0 /i„-m,m^n-2,2^ 

denoted by g6- 

Subcase 2.2.2 \ m = 0. By an argument similar to that used in Assertion 3.1, 
we have A m +i = • • • = A„_i = 0. Thus we have 





Cn-l 




Cm+1 


Cm 


Cm — 1 




C3 


C2 




co 


C-l 


l 













p-i 




p-1 


P 


s 


s 


s — r — 1 



Obviously lu must have a factor h\ <n . One can let tv — LU\h\ iTl by (|2.6[> . 

If r = 2 or 3, it is easy to show that oj\ is impossible to exist by Lemma 2.1, 
which implies that u> is impossible to exist either. 

If r = 1, by Lemma 2.1 it is easy to get that in this case s must equal p — 1 and 
m! must equal p + 1. By an argument similar to that used in Subcase 2.2.1, we 

get that up to Sign LU = a^ 3 h 3fi h mfi h m -2,2hl, n G £f>+M(p-l)+P-3,(2m+l)p-2m-3 ) 

denoted by g7. 

Combining Cases 1 and 2, we complete the proof of the lemma. □ 



By use of Lemma 3.1, we now show the non-triviality of hQh n h m (3 s . 
Theorem 3.2 Let p>5,n>m + 2>5,2<s<p. Then the product 

h h n h m p s ? G Ext s + 3Ms)+s - 2 (Z p ,Z p ), 

where t(s) = q(p n + p m + sp + s). 

Proof Since hi jn {n > 0) and a 2 ~ 2 h 2 fihi y i are permanent cycles in the MSS 
and converge nontrivially to h n , (3 S G Ext^*(Z p ,Z p ) respectively, a2 _2 /i2,o^i.i^i,o^i,i 



s+3,t(s)+s-2,* 
1 



Ext^ +3 ' t(s)+s ~ 2 (Z p ,Z p ). 
Case 1 s 



is a permanent cycle in the MSS and converges to hoh n h m (3 s G 



=J»-1. 


By (|2.7[). one can have that up to sign 




dl(gl) 




3 ^l,0^3,0^1,m/ln-2 : 2^ri-l,l + ' ' ' 




^l(g2) 




3 ^l,0^1,2^m+l,l^n-m,m^ri-l,l + ' ' ' 




^l(g3) 




4 a m +i/li i o/l3,0^n-m,m^n-2,2^-n-l,l + ' 




< G?i(g 4 ) 




3 ^l,0^-3 : 0^m-l,2^n-m,m/ln-l,l + ' ' ' 




dl(g5) 




3 ^l,0^3,0^m,l^n-m,mft-n-2,2 + " " ' 






= < 


A 0-3,hifih m+ lflh n -m,mhn-2,2h n -lA + ' 




k di(g 7 ) 




3 frl, 2^3, 0^m-3, 3^-1, n^n : + ■ ■ ■ 





(3.4) 



Obviously the first May differential of each of the seven generators contains at least a 
term which is not in the first May differentials of the other generators, which implies 



that di(gi), 
follows that 



<ii(g7) are linearly independent. Thus, E% 



p+l,t(j>— 3,* 



0. It 



E P+i.t(p-i)+ P 



— 3,* 



for r > 2. 
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Meanwhile, by (|2~8l) we have that M(gi) = (2n + l)p - 2n - 3( 1 < i < 6), 
M(g7) — (2m + l)p — 2m — 3 and M^^^o^i.i^o^i.n^i,™) = 5p — 8. Then 
from (E3} one has al- S h 2fi h l ,xh lfi h 1 , n h hm £ d 1 (Ef +1 ' t(j ' Jl)+p - 3 ' p(2n+1) - 2n - 3 ) 
and a2~ 3 /i2, 0^1,1^1, o^i, n^-i,™ ^ di(i? p+1: ^ p 1 ' +p 3 ' p ( 2m+1 ) 2m 3 ^ Thus we have 
the permanent cycle e^ -3 /i2,o'ii,i^i,o'ii,nfti,m S E P+2 ' tljp 3 '* cannot be hit by 

any May differential. It follows that h h n h m f3 p -i ^ 0. 

Case 2 2 < s < p - 1. From Lemma 3.1 one has that in this case the May 
.Ei-term 

g S +2,t(s)+s-2,* _ q 

Thus one has 

E s+2,t(s)+s-2,* = o for r > 1. 

Consequently, the permanent cycle hi ! ohi ! „.hi tm a 2 ~ 6& ' can- 

not be hit by any differential in the MSS. Then h h n h m (3 s ^Oe Ext^ +3 '* (s)+s ~ 2 (Z p , Z p ). 
From Cases 1 and 2, we complete the proof of the theorem. □ 

Theorem 3.3 Letp>5,n>m + 2>5,2<s<p and 2 < r < s + 3. Tften 

Ext ^3-r,tW+.-r-l,* (ZpjZp) = 0j 

where t(s) = (?(p n + p m + sp + s). 

Proof From the case 2 < r < s + 3 in Lemma 3.1, we have that in the MSS 

r,t(s)+s— r— 1,* _ q 

The theorem follows easily by the MSS. □ 
Now we give the proof of Theorem 1.4 . 

Proof of Theorem 1.4 From Theorem 1.2, we have that f3 s converges to f3- 
family j3 s G 7r sp9+ ( s _i) g+s _2(5') in ASS. From Theorem 1.3, hoh n h m £ Ext 3 ^ q+p q+q { r L p 
is a permanent cycle in the ASS and converges to a nontrivial family of homotopy 
elements £, m ,n G ^p n q+p m q-z{S). Hence, we have that the composite 

is represented up to a nonzero scalar by 

h a h n h„J s + e Ext^ +3 ^ (s)+ ^ 2 (Z p ,Z p ) 

in the ASS (cf. Theorem 3.2). 

Moreover, from Theorem 3.3, hQh n h m [3 s cannot be hit by any differential in the 
ASS. Consequently, the corresponding homotopy element £, m ,nf3s is nontrivial. This 
proves Theorem 1.4. □ 
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